b 4 |
" . N % »
;.- d . i N . i,

" ._\H- ,'-I \ - . .
gy ) “"t
" [ .-l...__
% . nl T r \ .
- g™ _. - y
-.- e a .,"‘ h‘ \.'J 1"""'-...
r

High School
Algebra




Chapter 9 : Quadratics
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9.1

Quadratics - Solving with Radicals

ch or extraneous solu-

lem. gAs you might expect,

o clear a square root

When solving a radical problem with an even index: check answers!

Example 442.

V7r+2=4 Evenindex! We will have to check answers
(VT +2)2=42 Square both sides, simplify exponents
Tr+2=16 Solve
—2 —2 Subtract 2 from both sides

7Tr=14 Divide bothsidesb
5 eroblem

Square OO0t

orks!
Our Solution
Example 443.

¥/r—1=—4 Oddindex, we don’t need to check answer
(/z—1)*=(—4)> Cubebothsides, simplify exponents
r—1=—64 Solve
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+1 41 Add1tobothsides
z=—63 Our Solution

—6 —6 Subtract 6 from both sides
3z="T75 Divide bothsides by 3

3
z =25 Needt ec swelin oniginal proble
6 3 Multipl
V75 6 d
4

81 =—3 Takeroot

3=—3 False, extraneous solution

No Solution  Our Solution

If the radical is not alone on one side of the equation we will have to solve for the
radical before we raise it to an exponent

Example 445.

ck solutions

om both sides

b)2=a?—2ab+ b

+12+12 +2+42
x=12 or xt=2 Needto check answers in original problem

(12) ++/4(12)+1=5 Checkz =5 first
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124++v/48+1=5 Add
124++/49=5 Takeroot
124+7=5 Add

19=5 False, extraneousroot

True! It works

Our Solution
The abova eéxampl as wa 8olve we [€oul ith 2 ter

or a quadratic. In thls case we remember to set the equation to zero and solve by
factoring. We will have to check both solutions if the index in the problem was
even. Sometimes both values work, sometimes only one, and sometimes neither
works.

World View Note: The babylonians were the first known culture to solve
quadratics in radicals - as early as 2000 BC!

If there is more than one square root in a problem we will clear the roots one at a
time. This means we must first isolate one of them before we square both sides.

S%m

k answers
troot by addi to both sides

both sides

4=1x Need tocheck answer in original
3(4) =8 —v/4=0 Multiply
V12—=8 —+/4=0 Subtract
V4 —+/4=0 Takeroots
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2=0 Subtract
0=0 True! It works
r=4

Our Solution

indexh Wewill haye to ers
Isolate first by adding /& to both sides
x quare both'sides
(V2r+1)?=(y/x +1)* Evaluate exponents, recall (a + b)? = a®+ 2ab + b?

2 +1=x+2yr+1 Isolate the term with the root

—rx—1—x —1 Subtract x and 1 from both sides

x=2+/r Squarebothsides
(r)?=(2y/x)* Evaluate exponents
x?=4x  Make equation equal zero
—4x —4x  Subtract x from both sides

x2—4x=0 Factor

O zero

x(xr—4)=0 Seteach factorequ
T x e
Ad es Of s tion
o fr = Ne \ sWel's ilorigin

Subtra
1Tt

V8+1—+V4=1 Add
V9—+v4=1 Takeroots
3—2=1 Subtract
1=1 True! It works
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z=0 or 4

Example 448.

3z+9=x+4—-2vVr+4+1
3r+9=x+5—-2/x+4

—4r —16 —4x — 16

42 + 122 =0
4a(x+3)=0
dr=0 or x+3=0
4 4 -3-3
r=0o0or x=—-3

V3(0)+9—+/(0)+4=—1
VI-Vi=—1

Our Solution

We have to check answers

m dding /& +4
o

en inde

Combine like terms

Isolate the term with radical

and 5 fr e
es
en

Make equation equal zero
Subtract 4x and 16 from both sides
Factor

Set each factor equal to zero

Solve

Check solutions in original

Check z = 0first
Takeroot

x ’ilen
3

Takeroots

1E
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9.1 Practice - Solving with Radicals

15) V6 —2x — /22 +3=3 16) vV2—3x —/32+7=3

Sample
PREVIEW
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9.2

Quadratics - Solving with Exponents

odd root property

ithy expgilents. As you might
g TOOts. is is e with very few unex-
pected results when the exponent is{@dd. We solve these problems very straight
forward using the odd root property

P PrEel‘t :if a’Va i/glhen n is OW
Example "449.

2°=32 Useoddroot property
Vr®=%/32  Simplify roots

However, when the exponent is even we will have two results from taking an even

root of both sides. One will be positive and one will be negative. This is because

x=2  Our Solution
th 32=9 and (—3)?=09. so when solving 22 =9 we will have two solutions, one
po e and one negative: z=3and — 3 l
|a m" p een n is even
ple
E UKQVMIQNE W
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Vat=+1/16 Simplify roots
r==22 Our Solution

View Note In 1545, French Mathe
lished™his

an“cequation
take th four po

ee dimensions!
Example 451.

PR HEW

—4 —4 Subtract4from both sides
2v=2 or 2x=—10 Divide both sides by 2
2 2 2 2

z=1 or x=—5 Our Solutions

ticain Gerolamo Cardano pub-
lgebg hich included the solu-
1 absurd by many to

In the previous example we needed two equations to simplify because when we
took the root, our solutions were two rational numbers, 6 and — 6. If the roots did
not simplify to rational numbers we can keep the £ in the equation.

Sample

V(62 — ++/45 Simplify ro

6x—9=+3v5 Useone equation because root did not simplify to rational
O ' I E W
1 term byl 3

Our Solution
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When solving with exponents, it is important to first isolate the part with the
exponent before taking any roots.

Example 453.

ubtractg from b i
ur Solution
Example 454.

(6x+1)24+6=10 Isolatepart with exponent
—6—6 Subtract 6 from both sides
(6z+1)*=4  Useevenroot property (£ )

V(62 +1)2=++4  Simplify roots

6x+1=4+2 Toavoidsign errors, we need two equations

6r+1=2 or 62+1=—2 Solveeachequation
—1-1 —1 —1 Subtract 1 from both sides
6x = 1 or 6x =— 3 Divide both sides by 6

l
6 e
re a'‘frac onvert the fractional

exponent into a radlcal expression t@ solve. Recall that a» = . Once we
have done this we can clear the exponent using elther the even or odd root

ical by exp@ment
nswers if the in is ev I W

9 Rewrite as a radical expression
(Y4r+1)2=9  Clear exponent first with even root property ()

Ar+1)2=++9  Simplify roots
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V/Az+1==43 Clearradical by raising both sides to 5th power
Y4z +1)°=(+£3)° Simplify exponents
4dr+1=+243 Solve, need 2 equations!
dr+1=243 or 4x+1=—243

-1 -1 —1 Subtract 1 fromboth sides
or 4= i ides by;
4 4
gl , 561 u
sio
ith oddroot property

Even Index! Check answers.
Raise both sides to 4th power
3r —2=256 Solve
+2 +2 Add2tobothsides
3r =258 Divide both sides by 3
3 3
x=286 Need tocheck answer in radical form of problem

(1/3(86) —2)2=64  Multiply

S (1/258 —=2)>=64  Subtract
g

checking
evaluate.

ite agradi

Clear expo

lexp

frstw

Simplify roots
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9.2 Practice - Solving with Exponents

Sam pxle

(¢ +2)°=— 243 ) (5r+1)'=16
9) (2 ) B8 =21
3
11) (1 3o
13) (2— )2 =27 (22 +3)7 =16
2
15) (2z —3)*=4 16) (:E+3)_5:4
2
17) (24 2) 5 =14 18) ( — 1) 75 =32
_5 3
19) (x—1) 2 =32 20) (v +3)2=—8
21) (3 —2)7 = 16 (20 +3)7 =27
3
23) (W +2)7= -8 2a:s—

PREVIE
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9.3

Quadratics - Complete the Square

completi he square.
S h actoring to solve for
e Bextiexample.
Fac
eti@ach fagtor equal to zero
e each @quat

Our Solutions

However, the problem with factoring is all equations cannot be factored. Consider
the following equation: 22 — 22 — 7 =0. The equation cannot be factored, however
there are two solutions to this equation, 1 + 2v/2 and 1 — 2v/2. To find these two
solutions we will use a method known as completing the square. When completing
the square we will change the quadratic into a perfect square which can easily be
solved with the square root property. The next example reviews the square root

Sample

(z +5)?=18 [l Squareroot of both sides

:;(1’4—5 2—+./18

Simplify each radical
ubtragt's f bath sides
r Solutio
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To complete the square, or make our problem into the form of the previous
example, we will be searching for the third term in a trinomial. If a quadratic is
of the form z? + bz + ¢, and a perfect square, the third term, ¢, can be easily

1

2
found by the formula ( 5 -b) . This is shown in the following examples, where we

e number that completes the square and then factor the perfect square.

2
2+ 8x+c c:<2 b) andour b =28

conmipletelthe square is
a pertect s r

2
=T +c c:<%~b) andourb="7

Example 460.

2 2
(l . 7) = (Z) = 44—9 The third term to complete the square is 4749

aS e@re,f&c’cor
Example
+ —(% and o =
2

2
( 1.5 > = (é) 25 The third term to complete the square is %

2'3 6) 36
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2+ ﬁx + 2 Our equation as a perfect square, factor

3 36
wi en root property, is
e. The following five

2
Qur Solution

ml
S ¢ eduatio

The
0

9
=2
4. Add to both sides of equation +9+49
22 +6x+9=11
5. Factor (r+3)2=11
V(z+3) =+ V11
r+3=+11

Solve by even root property

-3 -3

= —3++11

S a\l r to mpleting th bu ethod was only used

nown culture group
to calculate positive roots.

The advantage of this method is it can be used to solve any quadratic equation.

lowiig exa es ompleting squiare s fational 86lu-
ra lufiond, and even coliplex tions.
Example 462.

202+ 20z +48=0 Separate constant term from varaibles
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—48 —48 Subtract 24
202420z =-—48 Dividebyaor?2

2
Find number to complete the square: (% . b)

Add 2 id f'on

Factor

Solve with even root propert
th IeS E W

22—3x —2=0 Separate constant from variables
+2+2 Add2tobothsides

Qur Solution

Example 463.

Add to both si

2

22—3x =2 Noa,find number to complete the square (% . b)
id

Factor

| Vﬂ 1nIt pE W

Simplify roots

Add g to both sides,
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+ % + = we already have a common denominator

he clnstansm the variables

tract 2z from both sides

:31\/ﬁ

Our Solution

ivide each

3 +1—_—21—|—1—_—20 et common denominator on right
3\3)79"3 99 ® g
2 1 20
2 2., LtV
T 3x—|—3 9 Factor

1\ 20
(x — —) =——  Solve using the even root property

S@f T ple

thsid
Already have common denominator

oluti
As severalfof the e solving by the are

will often need to use fractlons and be comfortable finding common denominators
and adding fractions together. Once we get comfortable solving by completing the
square and using the five steps, any quadratic equation can be easily solved.
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9.3 Practice - Complete the Square

Find the value that completes the square and then rewrite as a perfect
square.

30z + a?$24a+
m 1?2 =34
2 1
i
p? B 17
Solve each equation by completing the square.

9) 22— 16z +55=0 10) n*—8n—12=0
12) 7 + 3 +

15) 5k* — 8a2 6a
17) 2%+ 1( ) p P
19) n®*—16n+67=4 20) m*—8m —3=6
21) 22° + 42 +38=—6 22) 6r°+12r —24=—6
23) 8b%+ 16b — 37 =5 24) 6n% — 12n — 14 =4
25) 2= —10x — 29 26) v?=14v+ 36
97) n?=— 21+ 10n 28) a? — 56 = — 10a
29) 3k + 9 = 6k 30) 522 = — 26 + 10z
31) 32) 5n2=— 10n + 15

34) 224 8x +15=8

) ni4dn =

53) 5n? —8n+60=—3n+6+4n 54) 4b* — 15b+ 56 = 3b
55) —2x%+ 3z —5=—4a? 56) 10v? — 150 =27 4 4v* — 6v
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94

Quadratics - Quadratic Formula

i

Obj ve: ve q
er of
mula for pl

Example 465.

gt uadratic formula.

1 now solve this for-

tanbifrom variab
m
erm By a

Find the number that completes the square

Add to both sides,
> ¢ 4a b 4ac b*—4ac . .
T E(E) PRy Ry Get common denominator on right
b 2 b dac  b®—dac
Ut e T e e d et
usIg tot property

Simplify roots

t 5 rom both sides
ti

This solution is a very important one to us. As we solved a general equation by
completing the square, we can use this formula to solve any quadratic equation.
Once we identify what a, b, and ¢ are in the quadratic, we can substitute those
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. —b+Vb2—4
values into z = 2—a<:

known as the quadratic fromula

and we will get our two solutions. This formula is

— 2—
on o — b:l:\/b 4ac

ve the first explicit
athematics was not
he , “To the absolute

the square root of the same, less the mlddle term, bemg divided by tW1ce the

” This
the equatiomaz? +
ormula to so quadrati 1S 1S show

224+32+2=0 a=1,b=23,c=2,usequadratic formula

34 /F-41)()

uadratic Formula: if ax®>+ bx + c=

Example 466.

Evaluate exponent and multiplication

2(1)
_—3£9-8

2
_—3+V1

Evaluate subtraction under root

Evaluateroot

Evaluate &+ tIet two answers

formula, it is important to remember the

Sa

As we are solving using the quadrat

tion be eq )
288 = First $ef equal t@zero

—30x —11 —30x —11 Subtract 30z and 11 from both sides

25302 —30r—11=0 a=25,b=—30,c=— 11, use quadratic formula

_ 30+ V(= 4(25)(—11)
2(25)

Evaluate exponent and multiplication
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_ 304900 + 1100

Evaluate addition inside root

50
30+ /2000 .
=55 Simplify root
S xr= 30+ 20\/_ Reduce frac1n by dividing each term by 10
xample 458

Evaluate subtraction inside root

Simplify root

a 2
_ 244iV3
=
r=1+2iv/3  OurSolution

Reduce fraction by dividing each term by 2

When we use the quadratic formula we don’t necessarily get two unique answers.
end up with only one solution if the squl root simplifies to zero.

alllple

422 —122+9=0 — 12, ¢ =9, use quadratic formula

124 +/(—12)>—4(4
IREESVE IR OO ST
ragtion mside root W

Reduce fraction

Evaluate +

Our Solution
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If a term is missing from the quadratic, we can still solve with the quadratic for-
mula, we simply use zero for that term. The order is important, so if the term
with z is missing, we have b= 0, if the constant term is missing, we have ¢=0.

xample 470.

mu ation, zeros not needed

Simplify root

Reduce, diviidling b
Our Solution

We have covered three different methods to use to solve a quadratic: factoring,
complete the square, and the quadratic formula. It is important to be familiar
with all three as each has its advantage to solving quadratics. The following table
walks through a suggested process to decide which method would be best to use
for solving a problem.

2?—5x+6=0
1. If it can easily factor, solve by factoring (x—2)(x—3)=0

r=2o0r r=3
22— 3r+4=0
er by the quadraticiformulafy © = 2(D) )
+i
L 2

The above table is mearly a suggestion for deciding how to solve a quadtratic.
Remember completing the square and quadratic formula will always work to solve
any quadratic. Factoring only woks if the equation can be factored.

+2z=4

r=—1++5
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9.4 Practice - Quadratic Formula

ve each equation with the quadratic formula.

1) 44"+ 6 Iqq
Sa
-3

8) 222 — 2z —15=0
10)/3b> =

12) 222 flx

) 6n? 28n
15) 3k2 4+ 3k —4=7 16) 42 — 14— — 2
17) 722432z —16=—2 18) 4n?+5n =T
19) 202+ 6p — 16 =4 20) m2+ 4m — 48 = — 3
21) 3n2 4+ 3n=— 3 22) 352 — 3=8b
23) 22% = — Tx +49 ) 3r?+4=-6
=T +7 =—5a+13

2) 2k*+ 6k — 16 =2k

2 ) 1222 + o+ 7= 5z?

2i V2 6mEH6=—m
602
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42) 1.2 x 106

5.4

Answers to Introduction to Polynomials
1) n®—5n%+3
62t + 1323
33 12nt4+n247
34) 922 + 1022

35) rt =334+ 7r2+1

) ) 2b* — 0%+ 4b
13

11) 3p*—3 26) 1203 +

) ) 1207430 +3 116+ 19
12) —m?+12m? 27) p2+4p—6

3 ) 40) 12n* — n® — 602+ 10
13) —n”+10n 28) 3m* —2m +6
4 3

14) 8% + 8 29) 56° 4+ 1262 +5 41) 20% — 2% —da 42
15) 5nt+5n 30) —15n*+4n—6 42) 3z +92% + 4z
5.5

Answers to Multiply Polynomials

—42 —26v+8

2) 32k + 1

(

n I I l
5) 20m5 + 20m* ) 3022 — 1wy — 432
. 18)

9) 5652 — 10b — 15 V;UI34 — 48v?
10) 472 4 407 1 64 21) 5622 + 61xy + 154>
11) 822+ 22+ 15 22) 5a* —Tab — 24b*
12) Tn*+43n — 42 23) 613 — 43r? 4+ 12r — 35

459



8.8

Answers - Complex Numbers

22) — 28 4 76i 41) %

23) 44+ 8i 4& 56
‘ | 44

IS NS BN, S
RO G
R N e O
—_

- Chapter 9
1) 3
2) 3 12) 46
3) 1, ) no solution
4) no solution 9) 5 13) 5
5) + 10) 7 14) 21
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15) —

| w

16) —

w| =~

9.2

Answers - Solving with Hsponents
1) +5/3
3) £
No Solution
5 6

9.3
Answers - Complete the Square
1) 225; (x —15)? 17) —5++/86,—5— /86
2) 144; (a—12)? 18) 8+2\/_ 9,8 —2v/29
3) 324; (m — 18)? 19) 9
4) 289: (z — 17)? 20) 0,1
-7 21) gl +iv21,—1—iv21
1,=3
E 7
2 2
mpl
9) 11,5 —542i,—5—2i

10) 4+ 2v7,4 27

EVIEW

5+’L\/10 5 % 10

5+1iv215 5—1iv/215 ) .
].5) 5 5 5 31) 4+l;/f0’ 4—1;/1_10
16) —ALiv2 48V 32) 1,—3
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74+1v139 T—1iv139
2 ’ 2

543ivV7 5—3iVT

33) 4+iv/39,4 — /39

—142iv6 —1—2iv6

44) SR 5
9.4
Answers - Quadratic Formula
V6 V6 —3+141 —3-+141
1) == — = 15) R 5

16) V3,— V3
17) — 34401 —3—+401

21)
22)
2
)
12) —1+4i,—1—i 25)
13) _3+4i\/%’ _3_41.\/% 26) _5—’2—123@’ _5_1;/W7
14) 2B 8 IVIR o7) —SHIVAAT 3 iVelT




28) 3+v33 3-/33 35) 6,—2

6 7 6 2
3 54143 5—iv/143
29) —1,—= 36) T 14
30) 22, —2¢/2 37) —3++/345 —3—+/345

4 0 14
Ve
Y
- V14l
10 10
NOTE: There are iplé answers for € hecking you wer
because [§our ans corre

1)x — 7z +10-0 15) 722 — 3124+ 12=0 29) 2>+ 13=0
2) x*—9r+18=0 16) 922 — 20x +4=0 30) 224 50=0
3) 22— 222 4+40=0 17) 1822 — 92 —5=0 31) 22— 4z — 220
4) 22 =14z +13 = 0 18) 622 — Tz —5=0
32) 224+ 62+7=0
5) 22 —8xr+16=0 19) 922+ 53z —6=0
6) 22— 9z = 0 20) 52% + 22 =0 33) 2~ 20 +10=0
7) 2 21) 22 —25=0 34) 22+ 42 +20=0
2+7ﬂc+10=0 22) 2 —1=0 35) % — 122 +39=0
23). 252" = 1=0 22+ 182 4+ 86=0
ny =
22 +4x—-5=0
25) 48 —
2— =
26) 4 — 9 — 122 +29=0
) 622 — 5z +1=0 27) 1622 ) 6422 — 961 + 38 =0
2
IAnsvvers
1) +1, :I:I { ) +
2) £2,+5 6) £3,+1
3) +i,4+2v2 7) £3,+4
4) +£5,+2 8) +£6,+2
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9) +£2,+4

10) 2,3, — 1 4iv/3,

—

S —1:|:z\/_ 1:|:z\/_

6
7
8
9

|5)6X10

)

)
)
)

— 2,3, 1403, 22

V6, + 2i

5am

)
) -
) —

1 —1+iv3 —1+iV3
’2’ 4 ) 2

—343iV3
2

3 = /2 +i$/108
) 2

am

) 6mx 10 m

Oyd

20 ft x
6’ x 6”
6 ydx7yd
4 ft x 12 ft

ft

) 1.54

in

x9
16) 1 in
17) 10 rods
18) 2 in

481

12) 10 ft
5 yd
14) 6 m x 8

) 15 ft

1 25 In
23.16 ft

) 25 ft
25) 3 ft

26) 1.145 in



9.8

Answers - Teamwork

1) 4 and 6 11) 2 days 21) 24 min

12 4 days 180 min or 3 hrs
3
u=6,Sa—12
3 hrs and 12 hrs
P =7, S—17—
EW

14
15

16

)
)
)
)7

1
2

) 18 m
) 3. 6 hou

9.9
Answers - Simultaneous Product
1) (2, 6) (—18,—4) 7) (45,2),(—10,—9)
2)( 9, )(_40_%) 8) (1673)7(_6’_8)
3) (10,15), (—90, ——) 9) (1,12),(—3,—4)
4) (8,15),(—10,—12) 10) (20,3), (5,12)
5) (5, (18 2.5) 11) (45, 1) (—i —27)
— 20, — —10,—-28)
e =5
) 36 mph
h
h,
14)
) 20 mph
16) 30 mph, 40 mph 22) 4 mph

9.11
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Answers - Graphs of Quadratics
| (4,3)

mbley
REVIE

’ V = \“”

(4 8)

’?
—_
o
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10.1

Answers - Function Notation

14) 85 2
7
32
16) 7
17 542

)
32) 4n+10

33) —1+3a

12+a

34) —3.2 4

35) 2| —3n?— 1| +2
36)1+%x2

) 3rx+1
th+t?
—2+n
+1
perations tio
—30
) 140

swers - O
1) 82
2) 20

3) 46
4) 2 9) 1
5) 5 10) — 43
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